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Abstract 

Super symmetric M/string compactifications to five dimensions contain BPS black 

string solutions with magnetic graviphoton charge P and near- horizon geometries which 

are quotients of AdS^ x S^. The holographic duals are typically known 2D CFTs 

with central charges cl = cn = QP^ for large P. These same 5D compactifications 

also contain non-BPS but extreme Kerr-Newman black hole solutions with SU(2)l 

spin Jl and electric graviphoton charge Q obeying < j£. It is shown that in 

the maximally charged limit — t- J^, the near- horizon geometry coincides precisely 

with the right-moving temperature Tr = limit of the black string with magnetic 
1/3 

charge P = . The known dual of the latter is identified as the cl = cr = 6Jl 
CFT predicted by the Kerr/CFT correspondence. Moreover, at linear order away 
from maximality, one finds a Tr ^ quotient of the AdS^ factor of the black string 
solution and the associated thermal CFT entropy reproduces the linearly sub-maximal 
Kerr-Newman entropy. Beyond linear order, for general < j£, one has a finite- 
temperature quotient of a warped deformation of the magnetic string geometry. The 
corresponding dual deformation of the magnetic string CFT potentially supplies, for 
the general case, the cl = cr = 6Jl CFT predicted by Kerr/CFT. 
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1 Introduction 

A complete accounting of the quantum microstates of a black hole requires a complete quan- 
tum theory of gravity. Such a complete accounting was obtained for certain super symmetric 
black holes [1] by using string theory to identify their microstates with those of a dual two- 
dimensional conformal field theory (2D CFT). Later it was realized [2] that notable features 
of the construction - in particular, matching the universality of the 2D CFT Cardy formula 
to the universality of the Bckenstcin-Hawking area law - followed largely from a careful anal- 
ysis [3] of the properties of the diffcomorpliism group in the AdS^ region near the horizon. 
This implies that the leading order agreement of the microscopic and macroscopic pictures 
does not require any fine details of string theory. Rather, it must follow a similar pattern for 
black holes with AdS^ near-horizon regions in any consistent ultraviolet completion of quan- 
tum gravity.^ This is of course in accord with the expectation that universal long-distance 
phenomena should not depend on the details of short-distance microphysics. It has neverthe- 
less been essential to our understanding to have the specific microscopic examples in string 

^Of course it is a logical possibility that string theory is the only such completion. 
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theory [1] in which the general arguments of [2] are given a concrete and fully self-consistent 
realization. 

Recently, a general analysis of the near-horizon diffeomorphisms of astrophysical Kerr 
black holes with near-maximal spins, patterned after [3, 2], has similarly indicated that they 
are dual to 2D CFTs [4], but so far there has been no proposed string theoretic realization of 
the duality. Evidence for the conjectured Kerr/CFT correspondence is given by the agree- 
ment of the Cardy formula with the area law, the CFT correlators with near-superradiant 
Press- Teukolsky greybody factors [5, 6, 7, 8], and many other analyses [9] - [31]. However, 
there are several puzzling features^ which are hard to understand without a concrete mi- 
croscopic construction. It is the purpose of this paper to fill this gap by proposing such a 
construction for the general extreme five-dimensional Kerr-Newman black hole embedded as 
a solution of string theory. 

The basic idea is as follows. Supersymmctric M/string compactifications to five dimen- 
sions have BPS string solutions with magnetic graviphoton charge P and a near-horizon 
AdS-^ X geometry. Typically, the dual CFT is explicitly known from a branc construction 
and has central charges Cl = Cr = 6P^ for large P. We will refer to it as the "P^ CFT". 
For the special case of M-theory on a Calabi-Yau, the P^ CFT is the worldvolume theory 
of an M5-brane wrapping the 4-cycle associated to P, and is often referred to as the MSW 
CFT [32]. We shall be primarily interested in the case where the Calabi-Yau contains a 
torus factor and there is an uplift from five to six dimensions using the graviphoton fiber. 
The total space of the graviphoton fiber over the near-horizon AdS^ x S"^ geometry is then 
a quotient of AdSs x [33, 34]. 

The same compactifications also contain non-supersymmetric but extreme Kerr-Newman 
black holes with SU{2)l spin Jl and electric graviphoton charge obeying Q^' < J|. ^ These 
all have a near-horizon AdS2 x geometry where the is fibered over the AdS2 and 
squashed, known as the 5D NHEK-Newman geometry. Including the graviphoton fiber we 
get a warped/ squashed AdSs x geometry. 

The key observation is that in the maximally charged limit — )■ J|, the squashing 
and warping go away and the near-horizon NHEK-Newman geometry coincides exactly with 
the near-horizon geometry of the charge P = magnetic string^, with a quotient which 
corresponds to a right-moving temperature Tr = on the string. Hence the maximal Kerr- 

^For example the appearance of complex conformal weights or the apparent lack of boundary conditions 
admitting two Virasoros. 

3q = is just 5D extreme Kerr, and we shall refer to the = j£ limit as the maximal case. 

''in order for this to make sense, Jl must be the cube of an integer. However this is not a restriction 
in the semiclassical limit of interest here because, restoring the factors of h, the spacing AJl between two 
allowed values of Jl goes as AJl ^ h^/^J^^. Hence the allowed values are effectively continuous for ?l — )• 0. 
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Newman black hole is also dual to the P"^ CFT!^ The values = = 6P^ = 6Jl for this 
CFT agree with the predictions of the Kerr/CFT correspondence. The full asymptotically 
flat black hole and black string geometries are of course very different. The gluing of the 
near-horizon region into the asymptotically flat region of the black hole geometry differs 
from that of the black string geometry by an exchange of the fiber and spatial angular 
coordinate. This results in very different dictionaries relating the spacetime and CFT 
quantum numbers. 

Once we have identified the holographically dual CFT for maximal Kerr-Newman, the 
duals for the sub-maximal extreme Kerr-Newman can be found by matching the deformation 
of the bulk geometry to one of the boundary CFT. At linear order, the only effect relevant 
for the entropy computation is that the action of the quotient is changed in a manner 
that corresponds to a non-zero right-moving temperature Tr. Inserting this value of into 
Cardy's formula perfectly reproduces the area law, in accord with the conjectured Kerr/CFT 
correspondence. At second order, a new effect is relevant: the AdS:^ factor becomes warped 
due to a non-zero "self-dual" electric graviphoton field which preserves SL{2, R)l but breaks 
SL{2, R)fi to f/(l). In principle this should be describable directly as some kind of continuous 
deformation of the dual CFT and quantum state, but it is beyond the aspirations of the 
present paper to do so. The Kerr/CFT analysis indicates that the deformed theory exists, 
and is a CFT whose Cardy entropy matches the area law. However, now that we have 
embedded Kerr/CFT duality into string theory, standard string theory techniques should 
be applicable to work out the detailed form of the holographic dual and microscopically 
verify the Kerr/CFT picture. We will return to the central problem of understanding the 
deformations beyond linear order away from maximality from the CFT side elsewhere [35]. 

An important feature of the finitely-deformed geometry is that it is no longer possible 
(at least in the most naive fashion) to glue on an asymptotically fiat region suitable for a 
5D black string. Gluing on the asymptotically fiat Kerr-Newman region requires a specific 
algebraic relation correlating the temperature Tr with the warping factors. This gluing 
constraint is essential for the consistency of the whole picture: otherwise the number of CFT 
and black hole parameters would fail to match. 

This paper is organized as follows. In section 2 we state the conjecture. In section 
3 we review the geometry and all necessary formulae for the extreme 5D Kerr-Newman 
solution, as well as its 6D lift. Section 4 reviews the Kerr/CFT analysis which leads to an 
asymptotic symmetry group gnerated by a c = 6Jl Virasoro. In section 5, it is shown that for 
maximal spin the bulk geometry locally acquires an AdSa factor and we can thereby identify 

very similar relation to the supersymmetric j£ < BMPV black holes for j£ — >■ was found in 

[34]. 
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the boundary c = 6Jl CFT dual. An explicit example of a brane construction in which the 
microscopic dual is the MSW string arising from 3 intersecting stacks of P M5 branes in a 
compactification of M theory is worked out in detail. Linear deformations from maximality 
are analyzed, agreement between the bulk and boundary properties is demonstrated and the 
general non-maximal case is discussed. 

Some comments on the existence of different dual CFTs related to the long and short 
string pictures are made in an appendix. 

2 The conjecture 

Five-dimensional supergravity has black hole solutions characterized by a mass M, half- 
integral SU{2)l X SU{2)ii spins Jl and J/j and graviphoton charge Q. In this paper we 
consider a two-parameter family of non-supersymmetric extremal spinning black holes char- 
acterized by 



Jr = o, Q'<Ji, l^y-ij ( — + 2g) = (2.1) 

The Bekenstein-Hawking area law yields the entropy 



Sbh = 2n^Jl - Q\ (2.2) 

These black holes are distinct from the super symmetric BMPV black holes which can have 
the same spin but must have > Jl and M — 3Q. 

The theory also contains supersymmetric black string solutions characterized by magnetic 
graviphoton charge P and a near-horizon AdSa x S'^ geometry. When this is embedded in 
M/string theory the dual 2D "P^" CFT is known in many cases [32] and has left and right 
central charges for large P 

cl = cr = 6P\ (2.3) 
The conjecture is that the extremal black holes obeying (2.1) with spin 

Jl = P\ (2.4) 
are dual to a deformation of the known P^ CFT at temperatures 



n = 0, Tr = -. (2.5) 

TT 

The CFT is deformed by the addition of certain operators to the action, described herein in 
the bulk picture in terms of a continuous warping of the near-horizon AdS^ x geometry. 
Note that cr — cl — 6Jl as expected in the Kerr/CFT correspondence. 
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Our conjecture is best-motivated in the extended supersymmetric cases of M-theory on 
or K3 X T^. However, one may consider a more general compactification of M theory on 

a Calabi-Yau X, which give rise to jV = 2 5d supergravity coupled to n — 1 vector multiplets. 

The vector moduli space of the compactification is parametrised by scalars t^, A = 1, . . .n, 

which satisfy 

DABct^t^'t^ ^1 (2.6) 

where 6 Dabc a-re the triple self- intersection numbers of the four-cycles of X. The black hole 
is charaterised by n electric charges qa and the angular momentum Jl. At the horzion, the 
moduli must take attractor values which obey 

qA^SQDABcf't^ (2.7) 

where Q is the graviphoton charge. For this setup, our proposal is that the black hole is 
described by a deformation of the MSW CFT associated to wrapping an M5-brane on the 
cycle 

= Jl^h^ , DabcP^P^'p'' = Jl (2.8) 
This MSW CFT has central charges 

CL = cn = 6 DabcP^P^'p'^ ^ ^ Jl (2.9) 

plus corrections which are subleading for large Jl- The extremal black hole is then conjec- 
turally dual to a thermal state in the deformed CFT in which right-movers are excited to 
the temperature Tr given in (2.5). 

Note that the M5-brane wraps the four-cycle whose self-intersection is the two-cycle 
associated to the M2 charge carried by the black hole in the maximal case — Jl, and 
hence has the same attractor point (2.8). Of course not every two-cycle is the self intersection 
of a four-cycle: our conjecture in its present form pertains only to such cases. 

3 Geometry 

Five dimensional supergravity contains the universal gravity-graviphoton sector 

^5 = ^1 d'x (V^{R - ^F') + y^^'^'^^AAF,,^ . (3.1) 

We choose conventions with Gr, = ^tr9ip(f> _ ^ J_ J j? ^ Dirac quantization then 
implies the electric charge Q defined here as Q = J *F obeys 3Q e Z. 
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3.1 Full solution 



We consider a five-dimensional charged rotating black hole solution parameterized by the 
mass M, SU{2)l spin Jl and graviphoton charge Q. These can be traded for another set of 
three parameters a, Mq and 5 via the relations 

M = ^ cosh 25 
2 

Jl = aMo(c2 + s^), 

Q = Mqsc (3.2) 
where c = cosh 5 and s — sinh5. The black hole solution reads [36, 37, 38] 

dsl = °-^dP + E{— —- + — ) -^-{di; + cos 9 dc^>)dt 



+-{dip^ + d4)'^ + 2 cose dii^d^)) + ° {dip + cos 6 d4>f (3.3) 



A = di - iae^(# + cos e #)) (3.4) 

and we defined the quantities 

S = a2 + f2-2MosV-Mo/(2s2 + 3) , F ^ a{f^ + a'^){c^ + s^) - aMos^ (3.5) 

E = + a" + Mos^ , f^p + a\ (3.6) 
We also note that the SU{2)l angle ■j/^ is identified as 

ip ^ ip + Airn. (3.7) 

There is a more general solution with two independent angular momenta, but we have set 
the other angular momentum, Jr, to zero. For this case, the SU{2)r rotational symmetry 
considerably simplifies matters. 

The surface gravities at the inner and outer horizons = |(Mo— 2a^)±|-y/Mo(Mo — 4a^) 

are 

^.v^f(e3 + ,3)±_£=^y (3.8) 

in terms of which the Hawking temperature is Th — The horizon angular velocities are 

4a r 



— — ^tp — -jTr 

Mq 



(c3-s3) + (c3 + s3)v/l-4aVMo , l^ij = 0, (3.9) 



and the electric potential at the horizon reads 



c3 - s3 + (c3 + sS)^'! - 4aVMo 
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3.2 Six-dimensional lift 

Any solution of the 5D bosonic minimal supergravity action (3.1) can be lifted (see [39] for 
details) to a solution of the 6D theory 

^ ^d'^xV^fn-^HA, (3.11) 



8tt^ J - ^ y 12 ^ 

where the three-form field strength H is restricted by the self-duality conditions H — *H. 
The lift is given by 

dsl = dsl + {du + Af, (3.12) 
H = -dAA{du + A)-*{dAA{du + A)), (3.13) 

where 

u ^ u + 27rm (3-14) 
will be referred to as the U{1) fiber coordinate. The lift of the Kerr-Newman geometry is 

dsl = - (/ - Moc') — + du' + Mo^^ dtdu + ^^.2 + X j 

+^( + + 2 cos e # #) + ^^{di^ + cos ^ d^f 

((c^ + s^) dt + {s^c + ch) du) {di) + COS e d4>) (3.15) 



E 

For many questions, the 6D picture is simpler than the 5D one, and we shall specialize to this 
case when convenient. In particular, the interchange of fiber and angular coordinates which 
relates black string and black hole descriptions is simply a diffcomorpliism when there is a 
6D lift, whereas in the more general context an M/string duality may be needed to justify 
the interchange. 

3.3 Extremality 

We are interested in a family of extremal, non-supersymmetric black holes obtained by 
setting 

Mo = . (3.16) 



In this case 



M = 6a^ cosh 2(5 

Q = Aa^sc, (3.17) 
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the entropy is 

Sbh = 87ra^(c3 - s^) = 27r^Jl - (3.18) 



and 



2 2 



According to the usual thermodynamic arguments, the quantum state is mixed and given 
by the density matrix with eigenvalues 

where w, m and q arc the energy, J/^ spin and charge of the state. Determining the density 
matrix at cxtrcmality is slightly subtle because — ?> oo. This implies only states with 
oo = mQL{Mo = 4a^) — g$(Mo = 4a^) can contribute. The spin and charge dependence of 
the remaining density matrix on this subspace is then^ 

e ^« ^Q, (3.22) 

where 



-1 — 



Tn = -2[/3«(n4M„)-ii,(4a^))]„^^,„, = — J— ^ = JL_^, (3.23) 



T, = 3 [M^M.) - *(4a^))] = ^ = = ^. (3.24) 

The reason for the notation "T^^" for the temperature conjugate to angular momentum will 
become apparent shortly. 

3.4 Near-horizon limit 

In this subsection we describe the near-horizon hmit, following [40, 38, 18] To reach the 
near-horizon limit from (3.15), define 

t-At^, r = , y^27rTQ{u + m) , 



^We have chosen Tr to be the variable conjugate to 2m, rather than m, because for neutral Kerr black 
holes m ~ —id^ takes half integer values and runs from to 47r. Hence it is 2m which will eventually 
become, in section 5, the canonically normalized Lq eigenvalue of a 2D CFT. Similarly there is a factor of 3 
in the definition of Tq because 3g ^ —idu is an integer. 
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The near-horizon metric is 



12 Hr'^ 

+2a-f{dy + rdt) {dij; + cos 6'ci0) + dO"^ + sin^ 6'd0^ 
where the deformation parameters 

2 cosh 2(5 

a — 



1 + cosh^ 26 



7 = 1 + ^, 



cosh^ 26 
are related by Mq;7 = 12a^. 

In terms of the SL{2, R)l x SU{2)r invariant forms, 

(7i = cos ipd9 + sin 9 sin ■0ci0 
a2 — — sin ■0c?^ + sin 9 cos ■^d^ 
(73 = dt/j + cos 

= —e'^^rdt^e'^'^dr/r 
Ws — dy + rdt , 

the metric can be written in the manifestly SL{2, R)l x SU{2)ji -invariant form 

^ds'^ = -w+w- + + al + al + 70-3 + 2a'yw3a3 . 
The gauge field A is conveniently expressed via 

du + A = — tanh25(eV3 + e~^W3) 
and H is then readily constructed from this expression via (3.12) as 

H — ^ (ai A (J2 A (J3 -|- - w+ A W- A W3 -|- sech25 {ai A (J2 A W3 -|- - w+ A W- A 

The (y, -0) identifications are 

y y + 4:TT Tgrn, %p r-^ %p — h 47rn, 

for any integers {m,n). The C/(l) fiber lies along the vector field 

f = du^ 2nTQ dy - '^d^, 



while gauge-invariant rotations along are generated by 



"'^ {e% - e-%) , 



sinh 4:6 



(3.33) 



where we have used A 



A^ — —\ae^ tanh 25. 



4 The asymptotic symmetry group 

In this section we briefly review the computation of [4, 21, 14, 12] showing that the asymp- 
totic symmetry group of the near-horizon spacetime (3.26) with boundary conditions which 
surpress deviations from extremality consists of a centrally-extended Virasoro algebra with 
central charge cr — 6Jl- In the convention of this paper, the chiral half of the CFT excited in 
the case of extreme black holes consists of right-movers. This convention was chosen because 
this is usually the supersymmetric side and the excitations we consider break supersymmetry. 
The near-horizon metric of the 5d black hole is 



^ 12 



dr'^ 27J^ 
-r'^df + — + de^ + sin^ ^ci^^ -] [dy + ttTr cos ed(j) + rdtY 



(4.1) 



where y — nTR{ip — flLt) — y + ttTriP is identified as 



y r^y + in Trti. 



The near-horizon gauge field reads 

1 



A = --ae''tanh2(5 , _ 
2 VttTk 



dy 



+ cos ed(t) + e'^^rdt 



(4.2) 



(4.3) 



The boundary conditions on the deviations Sg/^i, from the background are [21] 



6gu ~ 0{r^) , 5gtr ~ 0{r-') , 6gte ~ 0{r-') , 6gty ~ 0(1) , 6gt^ ~ 0{r) 
Sgee ~ ^gey ~ Sge<t, ~ 0{r~^) , dgyy - Sgy^ C(l) , dg^^ 0{r~^) (4.4) 



while boundary conditions on the gauge field read^ 

5At ~ 0{r) , 5Ar ~ 0{r-^) , 5Ae ~ 0(1) , SAg ~ 0{r-'^) , 5A^ ~ 0{r-'^) (4.5) 



''The boundary condition on Ay can be relaxed to allow for a U{1) current algebra, and we expect it is 

ultimately necessary to do so. How(;vc;r this current algebra is not the object of our present investigations 
(or those of [21]) so for simplicity we will continue to suppress it with these slightly stronger boundary 
conditions. 



10 



These boundary conditions lead to an asymptotic symmetry group consisting of a Virasoro 
algebra generated by the following diffeomorphisms and gauge transformations 

e(e) = e{y)dy - dye{y) rd, + Qe{y)f. (4.6) 

Here 

e = tanh25 (4.7) 

is the background value of —Ay in (4.3). The last term generates the gauge transformation 
5 A — — © de{y). We note that for constant e we recover the gauge invariant rotation generator 
(3.33) 

iii^Tn) = ji. (4.8) 

Given the identification (4.2), the zero mode of ^ is then twice the total angular momentum 
in the NHEK region. Note that this is not the same as the angular momentum Jl of the 
asymptotically flat black hole, as the latter receives contributions from outside the NHEK 
region^. 

The Lie bracket algebra is 

{m.a^')}L.B = iiedye' -e'dye) (4.9) 

The Dirac bracket algebra of the associated generators is 

Q{0}d.b. = Q{u'}l.s. + / g) (4.10) 

where the expression for can be found in [42, 43]. This last term gives a central extension 
of the Virasoro algebra with 

cr^Ul. (4.11) 

Using this value of cr and the temperature Tr conjugate to angular momentum (3.23), the 
microscopic Cardy formula then reproduces the macroscopic area law 



2tiJJI-Q^ = Sbh. (4.12) 



5 CFT interpretation 



Now we wish to describe the holographic duals of the geometries (3.26). We begin with the 
maximal case, where Kerr/CFT reduces to AdS/CFT and well- understood stringy methods 
can be applied. We will see that AdS/CFT methods can also be easily used to understand 
the linearized deformations, but more work will be required for the general case. 



^Indeed, for the supersymmetric BMPV case, all of the angular momentum is stored outside the near- 
horizon region [41] . 
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5.1 The maximal case 

For 5 — > oo with fixed J^,, a — > Pe~^, ^ Jl — P^, and we have a maximally charged 
5D Kerr-Newman black hole. This solution can also be reached by increasing the spin of 
the supersymmetric BMPV black hole up to its maximal value, and was studied as such in 
[34, 44, 45]. In the limit 5 ^ oo, 

a^O, 7^1. (5.1) 

The last term in (3.28) vanishes and we recover locally AdSa x as the total space of the 
U{1) bundle over the AdS2 x S'^ 5D black hole. 

The generators of the enhanced local SL{2, R)ji which appears at maximality are 

Hn = fniy)dy-ray)dr-lf:{y)d, 

/n(2/) = e-"^ n = 0,±l (5.2) 

while the global SL{2, R)l generators are 

Hn = -(^„(i) + ^^::(i))a, + r^;(i)a, + ^^::(i)a, 

^„(^)=^+^ n = 0,±l (5.3) 
There is also a local enhanced SU (2) l 

Sill ijj 

— cos%ljdg-\ 9<A — sin cot 6* (5.4) 

sin 

— — sin ipd0+ '^'^^^ — cos ip cot 9 



sin 9 

V ■ 



The global SU{2)ji generators are given by a similar expression with ^0 ■<->■ 0. 
Tn the 5 — > oo limit, one finds 

3e-25 3e-25 o 
Tq^—^, Tr^ , /^--a^, 3L^?>e-^'dy (5.5) 

Note that in this limit the fiber vector / is tangent to the iS'^, while the angular momentum 
j is tangent to the AdSa factor! The identification (3.31) becomes 

47r??7' 

y^y, ijj ijj — — \- Ann (5.6) 

Since P e Z, in the limit taken this way the 47m identification is redundant. The approach 
to the limit however is subtle and will be discussed in the next subsection. 
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This geometry also arises as the near horizon of the string in 5D, which is locally a 
U{1) bundle over AdS^ x S^. To see this we rewrite the metric at (5 = oo in the form 

ds'^ = ^(-w+w- + wl + de^ + sin^ ed(p'^) + {du + A)\ (5.7) 

where A——^ cos 9d(f) and we have defined a canonically identified coordinate 



P 

= — — ■0 ~ ii + 27rm. (5.8) 

This is manifestly a U{1) bundle parameterized by u over AdS^xS"^. Integrating the magnetic 
graviphoton field strength = dA over the we see that this corresponds to a magnetic 
string solution with charge P. The holographic dual of this geometry is of course the P^ 
CFT, which therefore must also describe maximal extreme Kerr-Newman. 

In AdSs, the SL[2, R)^ isometry algebra (5.2) is enhanced to a Virasoro which in the 
geometry above has cr = 3i/2G2 — 6P^. With the boundary conditions of [46] these are 
generated by the vector fields 

Udsif) = f{y)dy - dyf{y)rdr + 0{r-')d, + 0{r-')dy + 0(1)9,, (5.9) 

where the correction terms are trivial.^ One expects this Virasoro to be directly related to 
some hmit of the Kerr-CFT Virasoro. Indeed, transforming the generators of the latter, 
given in (4.6), to {y,ip) coordinates 

e(e) = e{y){dy + ef)-dye{y)rdr (5.10) 
= e{y + ttTr^) ( ^"JyJ'^^ ^V- + '^^TqQ dy^ - dye{y + 7rTflV)r9„ (5.11) 



and taking 



one finds 



e{x)^f{x), (5.12) 



\ime{e) = Uds{f). (5.13) 

Hence we conclude that the standard right-moving Virasoro of AdS^ coincides in the maximal 
limit with the Kerr-CFT Virasoro. 



^The boundary conditions of [46] are more relaxed than the original ones of [3], but nevertheless consis- 
tently lead to the same ASG and central charge. Note that the r coordinate here is not the same as the one 
of [46]. 
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5.2 Explicit brane construction 

The discussions of the previous sections pertain to essentially any M/string compactification 
with a consistent truncation to 5D minimal supergravity. Although the dual CFT will 
always have central charge 6P^ (to leading order) , the details of the CFT will depend on the 
compactification. In this section we give an explicit example of a brane construction. 

The 6D metric (5.7) can be uphfted to a solution of type IIB string theory by interpreting 
(3.30) as the RR three form field strength and adding a of unit radius with coordinates 
{x^, x"^, x^, x^) to the geometry. This is the near horizon geometry of a certain brane config- 
uration in the compactification to 5D on {u, 9) (i.e. and the Hopf fiber of the 
S^/Zp). The numbers of branes of each type can be determined by computing the charges. 
The number of D5 branes wrapping the is 



Q5 = 



H 



47r2 jg. 

The number of Dl branes dissolved in the D5 branes is 

1 



Qi 



(5.14) 



(5.15) 



In addition, the fact that the parametrized by u — —\P'^ is fibered over the S'^ imphes 
there is a charge Qtn — P magnetic Taub-NUT string 



Qtn^^ [ T^P 



(5.16) 



Therefore, the brane configuration that produces the geometry at maximality consists of P 
copies of 
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where Mj^ denotes the common string direction. This can be dualized to three intersecting 
stacks of M5 branes in M-theory as follows: first, T-dualize on and x^,x^ and u, which yields 
the following configuration in type IIA 
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Lifting to M-theory with an extra coordinate we obtain three intersecting stacks of P 
M5 branes with a common noncompact direction y: 
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This gives an MSW string for a compactification of M theory. The self intersection 
number of this stack of M5 branes is 6P^, giving the central charges [32] 



CL = CR = QP\ (5.17) 



5.3 Linear deformations 



As mentioned above, there are some subtleties in the 5 — )■ cxo limit. These can be understood 
by doing an expansion in a ~ 4e~^^ around the maximal solution. Since 7 ~ 1 + 0{e~^^), 
at this order the only deformation of the geometry (5.7) is in the gauge field 

P 

A^A-—awri, (5.18) 

which leads to a radial electric field T^i — 2Pe''^^dr A dt in addition to the magnetic one. 
This deformation should have a dual interpretation in the P^ CFT, presumably as a source 
for some CFT operator or deformed state. Since it is a deformation of AdS^ at this order, 
this can be analyzed with standard methods and will be discussed in [35] . 
In addition, there is a deformation of the identification (3.31). At large 5 

127rme"^^ 47rm ^ 
y^y^ , ip^ip — + 4:Trn, (5.19) 

To clarify the structure of the lattice of identifications generated by (m, n) it is convenient 
to redefine m = m + nP. To leading order in e~^^, (5.19) then becomes 

y ^y + Unne-^^, ^ ^ —, (5.20) 

The ip identification was already discussed in the previous subsection and produces the 
geometry of a charge P magnetic string. What is the meaning of this y identification? In 
general the quotient of Ad S3 by the 5'L(2, i?)^ element 
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is dual to a thermal state in the CFT at dimensionless right-moving temperature Tr. From 
(5.2) we see that shifts in y are generated by /fo, and the CFT is therefore at temperature 

Tr , (5.22) 

TT 

This is just the linearization in e~'^^ of the temperature derived in (3.23) as the thermody- 
namic conjugate to angular momentum. According to Cardy's formula, the entropy to linear 
order is ^ 

Smicro = ^— ^ ~ GTrJ^e"^''. (5.23) 

This agrees exactly with the linearization of the area law (3.18). 

Note that, since the temperature itself is already linear in the deformation, the entropy 
computation (5.23) does not require any knowledge of the deformation of the CFT induced 
by the operator dual to (5.18). This will however be required at quadratic and higher order. 

5.4 Finite deformations 

At second order, the electric field strength backreacts on the geometry. This breaks the 
SL{2, R)r and the AdS^ geometry becomes warped. The finitely deformed geometry (3.28) 
is a solution of M/string theory and can be reached by a continuous deformation of the AdSs 
dual of the CFT. Therefore it should have a holographic dual which can itself be reached 
by a continuous deformation of the CFT. The analysis of the asymptotic symmetry group 
suggests that conformal invariance persists in some form for finite deformations, and that the 
central charge is undeformed to leading order at large Jl- It is therefore natural to conjecture 
that the dual of the finitely deformed geometry (3.28) is simply a finite deformation of the 
p3 Qpx. This deformation will involve both the dynamics and the (mixed) state itself. We 
note that the finitely deformed geometry (3.28) cannot be glued on to an asymptotically 
fiat 5D string region^° (although of course it can be glued on to an asymptotically fiat 5D 
Kerr- Newman). Since everything has been embedded in string theory, this type of warped 
deformation should have a sensible holographic dual, but it has not been considered in 
the hterature. Closely related deformations were considered in [39, 47, 48, 49, 50], see 
especially the recent paper [51] in which a worldsheet construction is presented. Clearly, a 
good understanding of this novel type of deformation from the CFT perspective is highly 
desirable. We hope to return to this elsewhere [35] . 

^•^It is possible that this geometry can be obtained in a near horizon scaUng hmit of the general black 
string geometry in which the asymptotically measured M2 charge goes to infinity. 
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A Long vs. short string pictures 

For a given black hole, one expects that many different Virasoro algebras exist, with differing 
central charges associated with different choices of circle in the geometry. This arises already 
in the study of superysmmetric black holes in toroidal compactifications of string theory. 
For example, in the case of the 5D black hole with Qs NS5-branes, Qi fundamental strings 
wrapping an and carrying momentum n, T-duality changes the central charge from 6Q1Q5 
to GnQ^. Of course the temperature also changes and the entropy is always a U-duality 
invariant - see e.g. [39] . Similarly, in discussions of Kerr-CFT, when there are multiple 
angular momenta there are multiple sets of consistent boundary conditions with different 
central charges and temperatures but the same entropy [14, 15]. When a C/(l) charge is 
present and the fiber is a geometric circle, there are still more possibihties [12]. 

In the present context, there is an alternate and natural computation of the Kerr-Newman 
entropy using the Virasoro symmetry associated to charge circle paramterized by y at fixed 
■0 in (3.28). The corresponding asymptotic symmetry group analysis then gives [16, 17] 

c« = 6g2. (A.l) 

From the identification (3.31) the dimensionless temperature is Tq. The Cardy formula then 
gives 

Sbh = 2n'Q'TQ = 2n^Jl - Q\ (A.2) 

Let us now try to understand the relation between this Q-CFT picture and the Kerr-CFT 
picture at least near the maximal point. The Q-CFT lives on the closed circle parameterized 

by 

y = 27rTQS, < s < 27r. (A.3) 
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The fact that the identification (3.31) also involves a shift of ip means that there is a finite 
chemical potential for the charge conjugate to ip, or equivalently ■^/'-twisted boundary condi- 
tions. This does not affect the Cardy entropy. On the other hand, the Kerr-CFT lives on 
the circle 

y = 27rrRS, < s < 27r. (A.4) 
The ratio of the two s-coefficients is 

^ = ^^P for 5^00. (A.5) 

Thus near maximality the Kerr-circle wraps P times around the Q-circle and hence is a 

"long-string" - in the sense of [52] - of the Q-CFT. The corresponding rescaled Virasoro 
generators are related by 

Lt^^ = PL^/P, (A.6) 

for m a multiple of P. It follows that 

[L'r. L'r] = P'[L^/p, L^/p] = {m- n)Lt7n + ^(^' " ma)5rn+n, (A.7) 

where a depends on the definition of the constant Lq shift. Hence 

c'^^^ = ^. (A. 8) 

This is precisely the relation between the Kerr/CFT and Q-CFT central charge at maxi- 
mality. Note that moreover the temperature is rescaled by a factor of P because the long 
string circle is P times bigger. Hence, exactly as in [52], the product cT appearing in the 
Cardy entropy is the same in long and short string pictures. Similar conclusions might be 
reached, pending a better understanding of the deformation, more generally whenever the 
ratio ^ = ^ is rational. 

Tq Jl 
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